Rational Semigroupsにおける,安定領域での極限関数と、Julia集合の連続性(複素力学系に関する諸問題) by 角, 大輝
TitleRational Semigroupsにおける,安定領域での極限関数と、Julia集合の連続性(複素力学系に関する諸問題)
Author(s)角, 大輝

















$\mathrm{E}\mathrm{n}\mathrm{d}\overline{\mathbb{C}},$ $\mathrm{E}\mathrm{n}\mathrm{d}\mathbb{C}$ subsemigroup rational semigroup, entire semigroup
Definition 1. 1 $G$ rational semigroup
$F(G)^{\mathrm{d}}=\mathrm{e}\mathrm{f}$ { $z\in\overline{\mathbb{C}}|G$ z }
$J(G)^{\mathrm{d}\mathrm{f}}=^{\mathrm{e}}\overline{\mathbb{C}}\backslash F(G)$
$G$ Fatou , Julia entire semigroup
Definition 1. 2 $G$ rational semigroup
$O^{-}(\mathcal{Z})^{\mathrm{d}\mathrm{f}}=^{\mathrm{e}}$ { $w\in\overline{\mathbb{C}}|$ $g\in G$ $g(w)=z$}
$E(G)=^{\mathrm{f}}\mathrm{d}\mathrm{e}\{_{Z}\in\overline{\mathbb{C}}|\#^{o}-(Z)\leq 2\}$
Definition 1. 3 $G$ rational semigroup, $H$ subsemigroup
H finite index $g_{1},$ $\ldots,g_{n}\in G$ $G= \bigcup_{i=1}^{n}g_{i}H$
H cofinite index $g_{1},$ $\ldots,$ $g_{n}\in G$ $g\in G$ $j$
$g_{j}g\in H$
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Lemma 1. 1 $G$ rational semigroup
1. $f\in G$
$f(F(G))\subset F(G),$ $f^{-1}(J(G))\subset J(G)$
$F(G)\subset F(\langle f\rangle),$ $J(\langle f\rangle)\subset J(G)$
2. $G=\langle f1, \ldots, f_{n}\rangle$
$F(G)= \bigcap_{i=1}^{n}f_{i^{-}}1(F(G)),$ $J(G)= \bigcup_{i=1}^{n}f_{i}-1(J(G))$
Proof 2 1
$F(G) \subset\bigcap_{j=1}^{n}f_{j}^{-1}(F(G))$ .
$z_{0} \in\bigcap_{j=1}^{n}f_{j}^{-1}(F(G))$ $w_{j}=f_{j}(Z_{0})\in F(G)$
\epsilon $>0$ , \mbox{\boldmath $\delta$} $g\in G,$ $1\leq j\leq n,$ $d(w, w_{j})<\delta$
$d(g(w),g(wj))<\epsilon$ .
\mbox{\boldmath $\delta$} \eta $>0$ $d(z, z_{0})<\eta$
$d(f_{j}(Z), f_{j}(_{Z_{0}}))<\delta,j=1,$ $\ldots,n$
$g\in G,$ $1\leq j\leq n,$ $d(z, z\mathrm{o})<\eta$
$d(gf_{j}(Z),gf_{j}(z\mathrm{o}))<\delta$ .
$G= \bigcup_{j=1}^{n}G\circ fj$ , $z_{0}$ G
$\bigcap_{j=1}^{n}f_{j}^{-1}(F(G))\subset F(G)$ .
Lemma 1. 2 1. $H\subset G$ finite index cofinite index
$J(H)=J(G)$
$G$ $H_{m}$ $G$ $m$
$J(H_{m})=J(G)$
$\overline{H_{m}}$ $G$ word length $m$
$J(\overline{H_{m}})=J(G)$ .
$g$ word length $g=f_{j1^{\circ\cdots\circ f_{j_{l}}}}$ , $f_{j_{r}}$ $l$
60
2. $\# J(G)\geq 3$ $J(G)$
3. $g\in G$ $\deg(g)\geq 2$ , $g\in G$ $\deg(g)=1$ , g
$\infty$
$E(G)=\{z\in\overline{\mathbb{C}}|\#\mathit{0}^{-(z})<\infty\},$ $\# E(G)\leq 2$
4. $z\not\in E(G)$ x $\in J(G)$ ,O-(z) $x$ $z\in$
. $J.(G)\backslash ..E(G):-$ ‘
$\overline{o-(Z)}=J(G)$
$i^{:^{1}:}..-...\mathrm{v}\backslash \cdot$ $.-.$ .
. .
5. $g\in G$ $\deg(g)\geq 2$ ,
$g\in G$ $\deg(g)=1$ , g $\infty$ , #J(G) $\geq 3$
$J(G)$ 3 backward invariant closed set /J\searrow A
backward invariant g\in G , $g^{-1}(A)\subset A$
6. $\# J(G)\geq 3$
$J(G)=\overline{\{z\in\overline{\mathbb{C}}|\text{ _{}gz}\in G\text{ }g\text{ }}$repellingfixedpoint}
Proof [HM1]
1
2 $b\in J(G)$ , $b$ U $U\backslash \{b\}\subset F(G)$ .
$U\backslash \{b\}$ G 3 [C] U $G$ .
3




$O^{-}(z)$ 3 $U\backslash \{x\}$ G
5 3,4 $A$ backward invariant closed set 3
z\in A\E(G) $z$
$J(G)\subset\overline{O^{-}(Z)}\subset A$ .
6 f entire function, $G=\langle f\rangle$ [Ba] [Sc]
$J(G)$ Ahlfors five island theorem
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Propotition 1. 1 $\{Q_{\lambda}\}$ 2 $G$
$\sigma(z)=\mu z+\tau\in \mathrm{A}\mathrm{u}\mathrm{t}\mathbb{C},$ $\mu=\exp(\frac{2\pi i}{k})$ , $k\in \mathbb{N}$ \mbox{\boldmath $\lambda$} \rangle
$\sigma(J(\langle Q_{\lambda}\rangle))=J(\langle Q_{\lambda}\rangle)$
$\sigma(J(G))=J(G)$
Proof 2 $Q$ $J(Q)$ $z \vdasharrow(\exp(\frac{2\pi i}{k}))(Z)$
$Q=aZ^{d}P(z^{k}),$ $P$ ([Bel] ) Lemma 1. 2 ,6
. $\cdot$
Example 1. 1 plp2p3 $g_{i}=2(z-p_{i})+p_{i},$ $i=1,2,3$ $(g_{i})$
semigroup $G$ Julia e\sim im\acute $ki$ Gasket
2 Limit Functions
$S$ |J= $s_{\infty}$ S – $H\subset \mathrm{E}\mathrm{n}\mathrm{d}(S)$ subsemigroup
Definition 2. 1
$\overline{\mathcal{L}}_{H}(S)\mathrm{u}\mathrm{e}=^{1}$ { $\varphi$ : $S\vdasharrow S_{\infty}|\varphi$ H $(g_{j})$ S }
Remark End$(S)$ A End$(S)$ $\infty$
([Mi] )
Lemma 2. 1 $S$ $H\subset \mathrm{E}\mathrm{n}\mathrm{d}(S)$ subsemigroup
\mbox{\boldmath $\varphi$}\in -LH(S)
1. $\mathrm{I}\mathrm{d}_{S}\in\overline{\mathcal{L}}_{H}(S)$ g0\in H S
2. H $(g_{j})$ j , $h_{j}\in H$
$g_{j+1}=h_{j}gj$ .
Proof H – H $(f_{j})$ $f_{j}arrow\varphi,$ $f_{j}$ word
length $J_{j}^{x}$ $(f_{j})$
$(f1_{j})$ H g’ $j$







$\alpha_{n}\in H,$ $g_{n}=gin^{\circ}\ldots \mathrm{o}gi1^{\cdot}$

















Definition 2. 2 $G$ ratinal semigroup $F(G)$ U stable domain
( $g\in G\backslash \mathrm{A}\mathrm{u}\mathrm{t}\overline{\mathbb{C}}$ $g(U)\subset U$
$G_{U}=\{g\in G\mathrm{d}\mathrm{e}\mathrm{f}|g(U)\subset U\}$ .
entire se group
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Definition 2. 3 $U$ C $H\subset \mathrm{E}\mathrm{n}\mathrm{d}(U)$ subsemigroup
$\mathcal{L}_{H}(U)^{\ }=^{f}$ { $\varphi$ : $U\mapsto\overline{U}|\varphi$ H $(g_{j})$ S }
Remark $g\in$ H , $\varphi\in \mathcal{L}_{H}(U)$ $\varphi\circ g\in \mathcal{L}_{H}(U)$ . \mbox{\boldmath $\varphi$} $\in \mathrm{E}\mathrm{n}\mathrm{d}(U)$
$g\circ\varphi\in \mathcal{L}_{H}(U)$ .
Propotition 2. 1 $G$ rational semigroup, U $F(G)$
$H=\{g\in G|\mathit{9}(U)\subset U\}$
$1<\#\{\varphi\in \mathcal{L}_{H}(U)|\exists\zeta\in U, \varphi\equiv\zeta\}<\infty$
$\varphi\in \mathcal{L}_{H}(U)$ \mbox{\boldmath $\zeta$}\in U
$\varphi\equiv\zeta$ ,
$M=H\cap \mathrm{A}\mathrm{u}\mathrm{t}\overline{\mathbb{C}}$
Proof $H$ 2 $\overline{\mathbb{C}}\backslash U$ 3 $\varphi_{0}\in \mathcal{L}_{H}(U)$
Lemma 2. 1 $Id_{U}\in \mathcal{L}_{H}(U)$ . H $(g_{j})$ $Id_{U}$
M
$j$ $\deg(g_{j})\geq 2$ , $g_{j}$ A $H\backslash \mathrm{A}\mathrm{u}\mathrm{t}\overline{\mathbb{C}}$
$U$ –
M
$A=\{\zeta\in U|\exists\varphi\in \mathcal{L}H(U), \varphi\equiv\zeta\}$
$g\in H$ $g(A)\subset A$ $\# A\geq 3$ $\mathrm{A}\mathrm{u}\mathrm{t}\overline{\mathbb{C}}$ 3
$M$ $\# A=2$
$A=\{0, \infty\}$ $g\in M$


















$g_{j_{1^{\circ\cdots\circ}}}\cdots gj_{S^{\circ h\iota_{1}}}\circ\cdot\cdot|$ . $\mathrm{o}h_{l_{l}}$
$(g_{j})$ (2),(3) ‘ $M$
Remark Proposition 2. 1 entire semigroup
$G=\langle_{Z^{\mathit{2}},e^{i\theta}}z\rangle,$ $\frac{\theta}{2\pi}\not\in \mathbb{Q},$ $U=\{|Z|<1\}$
,
$\#\{\varphi\in \mathcal{L}_{H}(U)|\exists\zeta\in U, \varphi\equiv\zeta\}=1,$ $Id_{U}\in \mathcal{L}_{H}(U)$ .
Lemma 2. 2 $G\ovalbox{\tt\small REJECT}\mathrm{h}$rational(entire) semigroup, $U$ei $F(G)\sigma)$ stable domain, $H=G_{U}$ , &\tau




Proof \mbox{\boldmath $\zeta$}\in A $g\in H\backslash \mathrm{A}\mathrm{u}\mathrm{t}\overline{\mathbb{C}}$ $g(\zeta)=\zeta$ :
$A \subset\bigcup_{n}g^{-n}\{\zeta\}$ . $A$
Conjecture 2. 1 $A$ $U$
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[HM1] nearly abelian se group $G$ rational semigroup,
2
Definition 2. 4 $G$ nearly abelian x
\Phi
\mbox{\boldmath $\phi$}\in \Phi $\phi(F(G))=F(G)$
$f,g\in G$ \mbox{\boldmath $\phi$}\in \Phi $f\circ g=\phi\circ g\circ f$
[HM1] $g\in G$ 2 $J(G)=J(g)$ stable domain
$U$ 2 $g\in G_{U}$ ( $U$ $F(g)$ ) –
X C
$G=$ { $g$ | $\oint$ $J(g)=X$ } 2 $G$ nearly abelian
$\mathrm{D}\mathrm{e}\mathrm{p}_{\mathrm{n}}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}2.4$ \Phi
Lemma 2. 3 $G$ ( nearly abelian rational semigroup, $\Phi$ G Definition 2. 4
$\#\Phi<\infty$ , U( stable domain, $H=G_{U}$
$\{\zeta\in\overline{U}|\exists\varphi\in \mathcal{L}_{H}(U), \varphi\equiv\zeta\}$
$U$ $\partial U$
Proof $\alpha\in \mathcal{L}_{H},(U)$ H $(g_{j})$ $\alpha$
$g\in H$ $j$ $\phi_{j}\in\Phi$
$gg_{j}=\phi_{j}g_{j}g$ .
$\phi_{j}$ \Phi \mbox{\boldmath $\phi$} –
$g \alpha=g\lim_{jarrow\infty}gj=\lim_{arrow j\infty}\phi jgjg=\phi\alpha g$ .
$\alpha\equiv\zeta$
$g(\zeta)=\phi(\zeta)$ .
$n,$ $m\leq\#\Phi$ $g^{m}(\zeta)$ $g^{n}$ ,[a
Example 2. 1 $n\geq 2,$ $f(z)=z^{n}+c,$ $\sigma(z)=\exp(\frac{\mathit{2}\pi i}{n})z,$ $G=\langle f, \sigma f, \cdots, \sigma^{n_{-1}}f\rangle$




Example 2. 2 $f(z)=z(mz-c),g(z)=z(n-zc)^{l}+c,$ $m,n,$ $\iota>1,$ $G=\langle f, g\rangle$
$|c|$ : $0,$ $c$ $F(G)$ stable domain $U$
$\mathcal{L}c(U)=\{\varphi 0, \varphi_{C}\}$ ,
$\varphi_{0}\equiv 0,$ $\varphi_{c}\equiv C$ .
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3Julia Sets as Self Similar Sets,Continuity
$G=\langle f1, \cdots, f_{n}\rangle$ finitely generated rational senfigoup, j $\deg(f_{j})>1$
$-$
Definition 3. 1 $G$ typeA $F(G)$ U
1. $G_{U}=G$ ,
2. $f_{r}$ critical point $U$
3. U K $\overline{\mathbb{C}}\backslash K$ $z\in U$ $g\in$
$G$ $g(z)\in K^{i}$ . $K^{i}$ K
Example 3. 1 $G=\langle z^{m}+c, z^{n}+d\rangle,$ $m,$ $n\geq 2,$ $|c|,$ $|d|$ $G$ typeA.
Theorem 3. 1M $\dim M=r<\infty,$ $f_{j,a}\in \mathrm{E}\mathrm{n}\mathrm{d}\overline{\mathbb{C}},$ $a\in M,$ $\deg(fj,a)=d_{j}$
2
$(z, a)\in\overline{\mathbb{C}}\cross M\vdash+f_{j,a}(z)\in\overline{\mathbb{C}},$ $1\leq j\leq n$
’
‘ $G_{a}=\langle f_{1,a}, \ldots, f_{n,a}\rangle$ finitely generated rational semigroup $a=b\in M$
$G_{b}$ typeA
$b$ $B$ $\overline{\mathbb{C}}$




$(z, a)\in V\cross B\mapsto h_{j,a}(z)\in\overline{\mathbb{C}}$
$a\in B$ $G_{a}$ typeA, $J(G_{a})$ $(h_{j,a})_{j=}1,\ldots,k$ # ,Poincar\’e metric)
.
$\overline{\mathbb{C}}$ Hausdorff metric $B$ a\mapsto J(Ga)
Proof $P(G_{a})=$ { $f_{j,a},j=1,$ $\ldots,$ $n$ , critical points} \cup { $G_{a}$orbits} $G_{b}$
Definition 3. 1 $U$ $P,(G_{b})$ U Jordan curve $\Gamma$ $\circ$ $\overline{\mathbb{C}}\backslash \Gamma$
$P(G_{b})$ $W$ , $V$ $G_{a}$ $(f_{j,a})$
$m\in \mathbb{N}$ , $b$ $B$ $t,m\leq t\leq 2m$ , $a\in B$ $t$
g\in Ga
$g(\Gamma\cup W)\subset K^{i}$
$t\geq m,$ $a\in B$ $t$ $g\in G_{a}$
$B$ $a\in B$
$\bigcup_{1\leq s\leq m}\bigcup_{g}g(\cup^{j}\{j=1=nfj,a\mathit{0})$ critical points}) $\subset W$
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$\bigcup_{g}$ $s$ g\in Ga
$a\in B$ $\Gamma$ $P(G_{a})$ $J(G_{a})$




$V$ $g_{j,a}^{-1}$ – V $(g_{j,a}^{-1})_{j}$ $h_{1,a},$ $\ldots,$ $h_{k,a}$
$(z, a)\vdasharrow hi,a(z)$
1L Section 1 ,Lemma 1. 1 2, $\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}1.21$
$J(G_{a})=J( \langle Ha\rangle)=\bigcup_{\mathit{9}}\in Hag^{-1}(J(\langle H\rangle a))=\bigcup_{i1}^{k}=hi,a(J(Ga))$ .
$J(G_{a})$ $(h_{i,a})$ $V$
$V$ Poincar\’e metic $d_{H},V$ S,T
$\partial_{H}(S, T)=\sup\{d_{H}(X, \tau)|x\in S\}$
$a_{0}\in B$ $a_{0}$ $B_{0}\subset B$ L $\subset V$,
$c,$ $0<c<1$ $a\in B_{0}$ i $=1,$ $.\mathrm{r}\cdot,$ $k$ $h_{i,a}$ $c$
$J(G_{a})\subset L\subset V$.
$\epsilon>0$ $B_{0}$ $a,.a’\in B_{0}$ $z\in L$
$d_{H}(h_{\underline{i}},a(z),$ $hi,a’(_{Z}))<(1-c)\epsilon,$ $i=1,$ $.,$ $.,$ $k$ .
$z,$ $z’\in L,$ $d_{H}(z, z’)<\epsilon$ $a,$ $a’\in B_{0}$
$d_{H}(h_{i},a(Z),$ $hi,a’(Z’))$
$\leq d_{H}(h_{i},a(z),$ $hi,a’(Z))+d_{H}(h_{i,a’}(z), h_{i,a}’(z’))$
$<(1-c)\epsilon+c\epsilon<\epsilon$ $i=1,$ $\ldots,$ $k$ .
$z_{0}\in L$ – $a\in B$ $J(G_{a})$
$\lim_{larrow\infty}hi_{1},a^{\circ}\ldots \mathrm{o}h_{i_{l}},a(Z_{0})$
$h_{i_{l},a}(z_{0})\in L$ $a,$ $a’\in B_{0}$
$\partial_{H}(J(G_{a}), J(G_{a}’)),$ $\partial_{H}(J(G_{a}’), J(Ga))<\epsilon$
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(V, $d_{H}$) Hausdorff metric $B$ a\mapsto Ga $\overline{\mathbb{C}}$ Hausdorff
metric
$a\in B$ $G_{a}\dot{\text{ }_{}\mathrm{t}\mathrm{y}\mathrm{P}^{\mathrm{e}}}\mathrm{A}$ K $F(G_{a})$
’
Ua:
z\in W $g\in G_{a}$ $g(z)\in K$ ,
$Id_{U_{a}}\not\in \mathcal{L}_{G_{a}}(Ua)$ .
Section 2, $\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}2.1$ $\mathcal{L}c_{a}(U_{a})$ $K$ $\text{ }.$,
Remark $G$ Pnitely generated rational semigroup,typeA $\text{ _{ }}.\mathrm{J}(\mathrm{G})$
word length
Definition 3. 2 A $E$
$Comp^{*}(E)$ $E$ $A,$ $B\in \mathrm{C}\mathrm{o}\mathrm{m}\mathrm{p}^{*}(E)$
$\partial(A, B)=\sup\{d(x, B)|x\in A\}$
$\phi:\mathrm{A}\mapsto \mathrm{C}\mathrm{o}\mathrm{m}\mathrm{p}^{*}(E)$ upper semi continuous
$\partial(\phi(\lambda), \phi(\lambda_{0}))arrow 0,$ $(\lambdaarrow\lambda_{0})$ ,
lower semi continuous ,
$\partial(\phi(\lambda_{0}), \phi(\lambda))arrow 0,$ $(\lambdaarrow\lambda_{0})$
Lemma 3. 1 A $E$ $(X_{\lambda})_{\lambda\in\Lambda}$ E
$A=\{(\lambda, X)\in\Lambda\cross E|X\in x_{\lambda}\}$
1. $\lambda\mapsto X_{\lambda}\mathrm{B}\grave{\grave{>}}\Lambda\mapsto \mathrm{C}\mathrm{o}\mathrm{m}\mathrm{P}^{*}(E)\mathcal{D}$ upper semi continuous function
2. $A$ A $\cross$ E \mbox{\boldmath $\lambda$}\in A $X_{\lambda}\neq\emptyset$ ,
$\lambda_{0}\in\Lambda$ $\lambda_{0}$ $V$ E K
\mbox{\boldmath $\lambda$}\in V $X_{\lambda}\subset V$
Proof [D].
Lemma 3. 2 A $E$
$\lambda\mapsto X_{\lambda},$ $\lambda\mapsto Y_{\lambda}$ , A $\mapsto \mathrm{C}\mathrm{o}\mathrm{m}\mathrm{p}^{*}(E)$
A lower serrfi continuous,upper semi continuous
$f$
$\lambda\in\Lambda$ $X_{\lambda}\subset Y_{\lambda},$ $X\lambda\text{ }Y=\lambda 0$
$\lambda\mapsto X_{\lambda},$ $\lambda\mapsto Y_{\lambda}$ – $\lambda_{\mathit{0}}$
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Proof [D].
Theorem 3. 2 $M$ $\dim M<\infty,f_{j,a}$ $\mathrm{E}\mathrm{n}\mathrm{d}\overline{\mathbb{C}}$ 2 $a\in M,j=$
1, . . . , $n$ ,
$(z, a)\in\overline{\mathbb{C}}\cross M\mapsto f_{j,a}(z)\in\overline{\mathbb{C}}$
[\sim $a\in M$ $G_{a}=\langle f_{1,a}, \cdots , f_{n,a}\rangle$ finitely generated rational semigroup
$a=b$ $F(G_{b})$ K $z\in F(G_{b})$
$g\in G_{b}$ $g(z)\in K^{i}$ . $-$ .
$a\mapsto J(G_{b})\in \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}^{*}(\overline{\mathbb{C}})$
( Hausdorff metric $a=b$
Proof Section l,Lemma 1. 26 $.c\in..M.’\epsilon>0$ $G_{c}$ repelling
ed points
$X_{C}=\{x_{1,C}, \cdots, xl,c\}\subset J(G_{c})$
$\partial(J(G_{c}), x_{\mathrm{C}}))\leq\epsilon/2$ .
$c$ W , $x_{j,a}$ $G_{a}$ repelling fixed points







$\partial(J(G_{C}), J(G_{a}))\leq\partial(J(G_{C}), X_{c})+\partial(X_{c}, J(G_{a}))\leq\epsilon$.
$a\mapsto J(G_{a})$ Definition 3. 2 M lower semi continuous function.
$g\in G_{b}$ g
$g(K)\subset K^{i}$







$b$ $W$ $m\in \mathrm{N}$ $t,m\leq t\leq 2m$ $G_{a}$
$t$ g\in Ga
$g(K)\subset K^{i}$
$t\geq m$ $G_{a}$ $t$ $g\in G_{a}$
$a\in W$
$S_{a}=$ { $z\in\overline{\mathbb{C}}|g\in G_{a}$ $g$ $g(z)\in K^{i}$},
$T_{a}=\overline{\mathbb{C}}\backslash S_{a}$ ,
$R=\{(a, Z)\in W\cross\overline{\mathbb{C}}|Z\in\tau_{a}\}$ ,
$(W\cross\overline{\mathbb{C}})\backslash R$ $W\cross\overline{\mathbb{C}}$ $W\cross\overline{\mathbb{C}}$
$\emptyset\neq J(G_{a})\subset T_{a},$ $J(G_{b})=T_{b}$ .
Lemma 3. 1,3. 2 $a\mapsto T_{a}$ $W$ upper semi continuous,
$a\mapsto J(G_{a}),$ $a\mapsto T_{a}l\mathrm{h}b^{-}C$ continuous. $\square$
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